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Our objective is to solve the Schrodinger equation for the “mass on a spring” problem,
otherwise known as the “harmonic oscillator”

We begin by reviewing some key results about the classical harmonic oscillator

Then we go on to the quantum version and compare to the classical case



The Classical Harmonic Oscillator

No gravity
No friction

The spring is at its equilibrium length when x = 0

Pull the spring to the right and it tries to restore its length: For x > 0, F < 0 (Left force)
Push the spring to the left and it tries to restore its length: For x < 0, F > 0 (Right force)

In equilibrium: For x = 0, F = 0 (No force)

This is summarized with Hooke’s Law: F = —kx

k = spring constant [N/m]



The Classical Harmonic Oscillator
Part 2

If you perturb the spring from equilibrium and let it go, it will execute simple harmonic motion (SHM)

F = —kx
P B d*x
=ma=m—_o
d?x d*x k
Thus m— = —kx or — = ——Xx = —w*x

The solutions to this 2"-order differential equation are the sines and cosines
(or the complex exponentials — whichever is most convenient)

x(t) = Asin(wt) + B cos(wt)

k
w= |—
m
Natural angular frequency
of the harmonic
oscillator



The Classical Harmonic Oscillator
Part 3

x(t) = Asin(wt) + B cos(wt)

For example, take as initial conditions: x(0) = xy and x(0) = 0

This gives B=x3and A =0 There is no friction or drag
at the sub-atomic realm!
A x(t) = xg cos(wt)
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What is the potential energy of the mass on a spring? Vix) = - j F(x)dx' = + J kx'dx’ = Ekxz

1
What is the Kinetic energy of the mass on a spring? T(x) = Emicz =0



Quantum Harmonic Oscillator

Energy

V()—lkz
X —E X

We do NOT solve for the trajectory of a point particle in quantum mechanics

Quantum mechanics is a theory of the wave properties of matter, and waves do not have a well-
defined position or location.



Quantum Harmonic Oscillator Potential
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TISE for the harmonic oscillator:  — om dx? + Emwzx 2P(x) = EP(x)

using k = mw?

This is hard to solve. It will be done in Phys 401. {partial solution: Schrodinger’s Trick}

E, = (n + %) hw,wheren =0,1,2,3, ... Note that n starts at 0

lpn(x) = Cy e—mwxz/zh Hn(x)

where H,, (x) are the Hermite polynomials of position x



Quantum Harmonic Oscillator Energy Eigenvalues

E, = (n + %) hw, wheren =0,1,2,3, ... Note that n starts at 0

1
V(ix) = 2 kx?

E; = fiw

Es =L ho
The energy levels are equally spaced Y

Ey =2 ho
—T— £ =3 ho
7 b=y ho
0

s - gk 1 hw
Notice that the minimum energy level is non-zero Ey = (0 + —) how =—2>0

The “mass on a spring” does not sit at rest at the bottom of the potential well in its minimum energy state

The ground state energy is non-zero, reflecting “zero-point energy”



Quantum Harmonic Oscillator Eigenfunctions

l/)n(x) = Cy e—mwxz/zh Hn(x)

The Hermite polynomials are polynomial functions of x with leading order x™

E (hw)

A few low-lying wavefunctions:

YPa(x)

Po(x) = Ag e~mOx*/2h

mw
P1(x) = Al'/_h x g~ Mmwx"/2h

2mw
P (x) = Ay (1 . xz) g~mwx*/2h

YP3(x)
P (x)

P1(x)

YPo(x)




Character of the Quantum Harmonic Oscillator Solutions
The potential energy is symmetric: V(—x) = V(x),
This leads to a symmetry in the probability density, P(—x) = P(x)
[Y(—2)|* = [Pp(x)|?
P(—x) = tYP(x)

Hence the eigenfunctions will have even and odd parity

E (hw)

N even — symmetric
Pa(x)

dd — anti- tri
no anti-symmetric V(D)
P, (x)

Pq1(x)

Yo (x)







Character of the Quantum Harmonic Oscillator Solutions

Classically-Allowed vs. Classically-Forbidden Regions

In the classically allowed region, —A < x < A, the Schrodinger

2
equation can be written as d dll;(zx) = — Zh%l (E-V(x)yp(x)

since E > V(x) there the prefactor of ¥y(x) on the right hand side
1S negative

The wavefunction curves fowards the axis

In the classically forbidden region, x > A, x < —A, since E <
V (x) there the prefactor of ¥/(x) on the right hand side
1S positive

The wavefunction curves away from the axis

Energy (in units of hv0)
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